STANLEY DECOMPOSITIONS, PRETTY CLEAN FILTRATIONS AND 
REDUCTIONS MODULO REGULAR ELEMENTS 



ASIA RAUF 

Abstract. We study the behavior of Stanley decompositions and of pretty clean filtra- 
tions under reduction modulo a regular element. 



Introduction 

Let K he sl field and S = K[xi,X2, ■ ■ ■ , Xn] be a polynomial ring in n variables over the 
field K. Let / C S" be a monomial ideal, and let u S S be a monomial such that u is 
regular on S/I. The purpose of this paper is to investigate how the Stanley depth and the 
property of S/I to be pretty clean behaves when we pass from S/I to S/{I,u), and vice 
versa. 

We denote hy I'^ C S the K-lineai subspace of S generated by all monomials which do 
not belong to /. Then S = I Q I'^ and S/I = I^ as i^- linear spaces. 

If ti G S is a monomial and Z C {xi,... the -RT-subspace uK[Z] whose basis 

consists of all monomials uv, with v G K[Z], is called a Stanley space of dimension \Z\. 
A decomposition T> of I'^ as a finite direct sum of Stanley spaces is called a Stanley 
decomposition of S/I. The minimal dimension of a Stanley space in T> is called the Stanley 
depth of T> and it is denoted by sdepth(P) . We set 

sdepth(S'//) := max{sdepth(X') : P is a Stanley decomposition of S/I} 

and call this number the Stanley depth of S/I. 

Stanley [3^, Conjecture 5.1] made a conjecture on general Stanley decompositions of 
Z"-graded modules. In the special case that the Z^-graded module is S/I, where / is a 
monomial ideal, the conjecture says that sdepth(S'//) > depth(S'//). A monomial ideal / 
is called Stanley ideal if it satisfy Stanley's conjecture. 

A basic fact in commutative algebra says depth S/ (/, /) = depth S/I — 1 for any ho- 
mogeneous element of positive degree / G 5 which is regular on S/I. In this paper we 
show that a corresponding statement holds for the Stanley depth. In fact, we show in 
Theorem 11.11 that sdepth(S'/(/, -u)) = sdepthS// — 1 for any monomial n G S" which is 
regular on S/I. 

Special Stanley decompositions arise from prime filtrations. Let 

J^:I = IoCliC...Clr = S 

be a prime filtration of S/I, i.e. Ij/Ij-i = S/Pj for any j = 1, . . . ,r, where Pj C S are 
prime ideals. The support of T, is the set Supp(.7^) = {Pi, . . . , Pr}. It is well known 
that Ass(S'//) C Supp(.F). Recall that the prime filtration is called pretty clean, if 
for all i < j with Pi C Pj it follows that Pi = Pj. If S/I has a pretty clean filtration 
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then S/I is called pretty clean, see [21 Definition 3.3]. For the pretty clean filtration, 
Supp(.F) = Ass(S'//), see [2, Corollary 3.6]. This condition implies, by [3, Proposition 
2.2], that / is a Stanley ideal. The prime filtration T is clean if Supp(.F) = Min(S'//), 
where Min(S'//) is the set of minimal prime ideals of S/I. Note that any clean filtration 
is pretty clean. If S/I has a clean filtration, that S/I is called clean. 

The main result (Theorem 12. ip of the second section is that if I C 5 is a monomial 
ideal and u S 5" is a monomial which is regular on S/I, then S/I has a pretty clean 
filtration if and only if S/{I,u) has a pretty clean filtration. This result implies that an 
ideal generated by a regular sequence of monomials is pretty clean. This fact was first 
proved in [Ij Proposition 1.2] by a different method. 

I want to thank Professor Jiirgen Herzog for his advice during the preparation of the 
paper. 

1. Stanley decompositions and regular elements 

The aim of this section is to show that the Stanley depth behaves like the ordinary 
depth with respect to reduction modulo regular elements. Indeed we have the following 
result: 

Theorem 1.1. Let I <Z S he a monomial ideal of S = K[xi, . . . , Xn] and u £ S be a 
monomial regular on S/I. Then sdepth(5'/(I, u)) = sdepth(5//) — 1. In particular, I is a 
Stanley ideal if and only if {I, u) is a Stanley ideal. 

We first prove a special case of the theorem: 

Lemma 1.2. Let m < n and J C S' = K[xi, . . . , Xm] be a monomial ideal. Then for the 
monomial ideal I = JS and for any xj. with m < k < n we have 

sdepth(5/(/,Xfc)) = sdepth(5//) - 1. 

Proof Let T = S'[ Xjn+i, ■ ■ ■ , Xk—i, Xk+i . . . , Xn] and L d T be the monomial ideal such 
that L = JT. Then we have S/{I,Xk) = T/L. Let 

r 

V: T/L = ^UiK[Zi] 

i=l 

be a Stanley decomposition of T/L such that sdepthD = sdepthT/L. Then 

r r 

Vi : S/I = {T/L)[xk] = ^UiK[Z,][xk] =^UiK[Z„Xk]. 

1=1 1=1 
is a Stanley decomposition of S/I. It follows that 

sdepthPi = sdepthP + 1 = sdepth T/L + 1 

and 

sdepth Pi < sdepth S//. 

Hence 

sdepth r/L + 1 < sdepth S//. 
In order to prove the opposite inequality we consider a Stanley decomposition 

s 

V2 : S/I = ^v,K[Wi] 

i=l 

of S/I with sdepth I>2 = sdepth S*//. 
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Let I = {i£[s]: ViK[Wi] nT ^ {0}}. We claim that 



(1) : T/L = = ViK[Wi] D T. 

and 0jgj t'l-f^l^Vj] n r is a direct sum decomposition of T/L. 

In order to prove ([T]), choose a monomial v € L'^. We want to show that there exists 
i G I such that v E Ujiir[Tyj] n T. Suppose on the contrary that v ^ ViK[Wi] D T for all 
i & Z. Since u G T, it implies that v for all i. Hence we have v € / = JS. 

Since v T and L = JT, it follows that v £ L, a contradiction. Conversely, choose a 
monomial w € ViK[Wi] fl T. This implies that w ^ I = JS and since L = JT C JS = I, 
we see that w € L'^. 

Now we will show that is a Stanley decomposition. Indeed, we have 



ViK[Wi] n T 



ViK[Wi \ {xk}], if Xfc does not divide 
0, otherwise. 

Comparing the Stanley decomposition D2 of S/I with the Stanley decomposition of 
T/L we see that sdepth(I?2) < sdepth(D3) + 1. Hence 

sdepthS*// = sdepthP2 < sdepth(P3) + 1 < sdepth T/L + 1. 

□ 

For the proof of Theorem ll.il we also need the following simple fact: 
Lemma 1.3. Let 

I = lochc... Clr = S 

be an ascending chain of monomial ideals of S such that each Ij/Ij-.i is a cyclic module, 
and hence Ij/Ij-i = S / Lj{—aj) for some monomial ideal Lj and some aj G Z". Then 

sdepth(5//) > min{sdepth(S'/Lj) : j G {1, . . . ,r}} 
Proof. We have the following decomposition of S/I as a iC- vector space: 

S/I = h/io e h/h e • • • e s/ir-i. 

Since each Ij/Ij^i = S/Lj{—aj) we get the isomorphism 

(2) S/I ^ S/Li{-ai) e S/L2i-a2) ■ ■ ■ 5/L,(-a,). 

For each j let Vj : S/Lj = UjkK[Zjk] be a Stanley decomposition of S/ Lj such that 

sdepth Pj = sdepth S'/Lj. Then by the isomorphism ([2]) we obtain the following Stanley 
decomposition 

r '■j 

S/I = ^®UjU,kK[Z,kl 
j=i k=i 

of S/I, where Uj = x""^ for j = l,...,r. From this Stanley decomposition of S/I the 
desired inequality follows. □ 

Proof of Theorem Without loss of generality we may assume that / = JS where 
J C S' = K[xi, . . . ,Xm] and that u = x'^^-^ . . . x^"""". We consider an ascending chain 
of ideals of S between (/, u) and S where two successive members of the chain are of the 
form 

( T 'J'^l . . . . . . ^^ri-m \ ( T J'^ . . . J^k-^ . . . rJln-m^ 

V-''-^m+l -^k -^n J ^ l-''-^m+l -^k -^n J 

and where bi < ai for all i = 1, . . . , n — m. 
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Observe that 

(T . . . J''^-'^ . . . r^bn-m\ l(T J>1 . . . J>k . . . „fen-m^ ^ QHT T , \ 

Therefore Lemma ll.2l and Lemma 11.31 imply that 

sdepth(5/(/,n)) > sdepth(5/(/, x^)) = sdepth(5//) - 1. 
In order to prove other inequahty, we choose a Stanley decomposition 

r 
i=l 

of S/{I,u) with sdepth(P') = sdepth(S'/(/, u)). We obtain a direct sum of iiT-vector 
subspaces ^l^i UiK[Z-] n S' of 5'. We observe that 

r 
i=l 

and that 0- UiK[Zl] n S" is a Stanley decomposition of S' / J, where the sum is taken over 
those i € {1, ■ ■ ■ ,r} for which UiK[Z-] f] S' ^ {0}, cf. proof of Lemma ll.2[ 
We have 



UiKlZ'A n S' 



\uiK[Z[ n {xi, . . . if supp(ui) C {xi, . . . ,Xm} 

I 0, otherwise. 

Hence if we set A = {i : supp(tii) C {xi, . . . , Xm}}, then 

V:S/I = ^UiK[Zi] 

is a Stanley decomposition of S/I, where Zi := {Z[ n {xi, . . . , Xm}} U {xm+i, • • • , x„}. 

We claim that \Zi\ > \Z[\. Indeed, otherwise {xm+i, • • • , a;n} C Z[, contradicting the 
fact that (n) n UiK\Z'^^ = {0}. Therefore, sdepth(P) > sdepthi^') + 1. 

Hence or final conclusion is that 

sdepth(5/(/,n)) = sdepth(5//) - L 
□ 

As an immediate consequence of our theorem we obtain the following result first proved 
in [H Proposition 1.2]. 

Corollary 1.4. Let I he a monomial ideal generated by regular sequence of monomials. 
Then I is a Stanley ideal. 

2. Pretty clean filtrations and regular elements 

Theorem 2.1. Let S = K\ Xi, X2, Xn] be a polynomial ring and I d S be a monomial 
ideal and u a monomial in S such that u is regular on S/I. Then S/I is pretty clean if 
and only if S/{I,u) is pretty clean. 

Proof. Suppose S/I is pretty clean and let 

^ : I = Iq ch C ... Cir = S 

be a pretty clean filtration of S/I with Ij/lj^i = S/Pj for j = 1, 2, r. It is known from 
[a Corollary 3.6] that Ass(S'//) = {Pi, . . . , PJ. 
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We have Ij = {Ij-i,Zj) where Zj is a monomial in S. The prime filtration induces 
the following filtration 

g : il,u) C {Ii,u) C ... C {Ir,u) = S, 

where 

= {{Ij-i,u),Zj)/{Ij-i,u) ^ S/{Ij^i,u) : Zj. 
Since u is regular on S/I, it follows that u is regular on S/Ij for all j. Indeed, since S/I is 
pretty clean it follows that S/Ij is pretty clean. Hence Ass{S/Ij) = {Pj+i, . . . ,Pr} which 
is contained in Ass(S'//). Since gcd{u,Zj) = 1 it follows that 

{Ij-i,u) : Zj = {{Ij-i : Zj),u) = {Pj,u). 

Hence 

{Ij,u)/{Ij.i,u)^S/{Pj,u). 
Suppose, without loss of generality, that 

n 

Pj = {xi, ...,xt) and = 

i=t+l 

Then S/{Pj,u) = ...,Xn]/(n)i^[xt+i, ...,Xn], which is clean by Hence we see 

that {Ij,u)/{Ij^i,u) is clean and 

Ass((/j-,u)/(/j-_i,u)) = {iPj,Xi) : Xi I u}. 

Therefore our filtration Q can be refined as follows 

{Ij-i,u) = Ij-ifi C C . . . C Ij-i,s, = {Ij,u) 

where 

Ij-l,k/Ij-l,k-l — S/Pj-i^k 

with € {{Pj,Xi) : Xi \ u}. 

In the refined filtration of G if we have Ij^k C li^i, then either j < i or j = i and k < I. 
Suppose j < i and Pj^k C Pj^/. We have Pj^^ = {Pj+i,Xr) for some r and Pi^i = (Pj+i,^^) 
for some s. Since u ^ UpeAss(s/7) ^ follows that Xg Pj+i- Therefore, Pj+i Q Pi+i- 
However, since J- is a pretty clean filtration it follows that Pj+i = Pi+i, and hence 

Pj,k = P^,l■ 

Next suppose that i = j and k < I and suppose that Pi^k ^ Pi,i- Since height Pj^fc = 
height Pj^/ we conclude that Pj^k = Pi,u &lso in this case. Thus we have shown that the 
refinement of is a pretty clean filtration of S/{I,u), and hence S/{I,u) is pretty clean. 

Conversely, suppose that S/ {I, u) is pretty clean. Since u is regular on S/I, we may sup- 
pose that / = JS where J C S' = K[xi, . . . , Xm] for m < n and supp(n) C {xm+i, • • • , Xn}- 
Since S/ (/, u) is pretty clean there exist a pretty clean filtration 

M: {I,u) = ll)Cl[c...Cl'. = S 

such that Ij/Ij-i = S/Pj where Pj G Ass(S'/(/, n)). Recah that 

Ass(S/(/,u)) = {(P',Xfc): P' G Ass(S7J) and xt \ u}. 

By taking the intersection of above filtration A4 with S", we get the filtration 

M: jQQJi^...QJr = S' 

of S' / Jq where Jj = /j fl 5' for j = 0, . . . , r. We claim that Jq = J ■ Let / be generated 
by the monomials ui, . . . , u/. Since / = JS with J C S" it follows that Ui G S' for all i. 
Choose a monomial t> G Jq = (-^, ^i) H S". Then either v = eui where e G S", or u = fu 
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where / € 5". The second case cannot happen since v € S' . This shows that Jq C J. The 
other inclusion is obvious. 

Take an ideal Ij S Ai. Then = {Ij_^,Wj) where wj € S and : wj) = {P',Xk) 

for some P' G Ass(S"/J) and some such that | u. Then we have (1 S' = Ij n S" 
if and only if wj S' . 

Let {ro, . . . , rfc} be the subset of [r] for which we have Jr^ is properly contained in Jn+i 
in the filtration A/". Set Lj = J,., for i = 0, . . . ,k and Lfc+i = <S". Then we obtain the 
filtration 

C: J = Lo C Li C . . . C Lk+i = S'. 
We note that Li = (J, Wrg+i, Wj-^+i, ■ ■ ■ , w^^.i+i) for i = 0, . . . , A; + 1 with Wr^+i G S' for 
all i. 

Since Lj = lyr^^i+i), we have that Li/Li^i = S"/(Lj_i ""^n^i+i) and also we 

have that U = I'^^ n S' . So (Li_i ig/ -Wr^^i+i) = (-fr,_i ^ 5" -.3' Wr^^^+i). 

We claim that n S" 15' = (/'.._^ :5 tL'r-_;^+i) PI S' . In fact, the inclusion 

(-^r,_i 1^ "S" ^5' 'W^r,_i+i) C (-f^i-i -5 ^ri_i+i) H S' is obvious. In order to prove the other 
inclusion we choose a monomial v € {I'n-i -S 'U^rj_i+i)n5'. Then we have that v € {I'r^^i -S 
i'^r,_i+i) and w G S". Hence € and G »S", since w^i-i+i G S"'- 

Therefore vwri_^+i € /^j-i 'S" which implies that v € 'S" ^s' w;ri_i+i)5 as desired. 

Now we see that 

= (4-1 n 5' = {P', xk) ns' = P', 

where {P',Xk) G Ass(S'/(/, u)). 

This shows that >C is a prime filtration with the property that the prime ideals in 
Supp(>C) form a subsequence of Pi, . . . , P^- Therefore, since is a pretty clean filtration, 
the filtration C is pretty clean as well. From this fact we will deduce that S/I is pretty 
clean. This then will complete the proof of the theorem. 

Indeed, our filtration C induce the filtration 

IC: I = JS = LqS C LiS C ■■■ C Lk+iS = S. 

with LiS/U^iS ^ S/P'S where U/U^i ^ S'/P' for i = 1, . . . , k + 1. This holds because 
the extension S' ^ 5" is fiat. Now, since >C is a pretty clean filtration of S' /J, it is obvious 
that /C is a pretty clean filtration of S/I. □ 

As an immediate consequence we obtain the following result from [1, Proposition 1.2]. 

Corollary 2.2. Let ui,...,Uk be a regular sequence in the polynomial ring S. Then 
S/ {ui, . . . ,Uk) is pretty clean. 

Proof. We use induction on k. For k = 1 the assertion follows from Theorem 12.11 applied 
to / = (0), or from [3j. By induction hypothesis we may now assume that S/ (ui, . . . , Ufc-i) 
is pretty clean. Since Uk is regular on S/ {ui, . . . , Uk^i) it follows again from Theorem 12.11 
that S/ {ui, . . . , Uk) is pretty clean. □ 
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